A Galerkin finite element-spectral weather forecast model in hybrid coordinates  by Steppeler, J.
Comput. Math. Applic. Vol. 16, No. 1/2, pp. 23-30, 1988 0097-4943/88 $3.00 + 0.00 
Printed in Great Britain. All rights reserved Copyright © 1988 Pergamon Press plc 
A GALERKIN  F IN ITE  ELEMENT-SPECTRAL WEATHER 
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ECMWF, Shinfield Park, Reading, Berks. RG2 9AX, England 
Al~tract--An atmospheric model is presented using the spectral method for horizontal discretization and 
a finite element method for the vertical. The vertical coordinate is discretized in a hybrid system, being 
a P-system at the top of the atmosphere and a ~-system near the surface. For intermediate l vels there 
is a smooth transition between the two systems. An energy-conserving scheme is obtained by using a 
Petrov-Galerkin method with density as a weight, An efficient method of computing the Galerkin integrals 
is achieved by introducing a collocation grid. The horizontal discretization uses the spectral method with 
spherical harmonic basis functions and triangular truncation with meridional wavenumber up to 106. A 
set of test forecasts was done using 19 vertical evels. The forecasts were compared to those of a model 
using a finite difference technique for the vertical. The finite element model showed an advantage with 
respect o an averaged correlation measure. 
1. INTRODUCTION 
A finite element scheme for the vertical approximation of the equations of numerical weather 
prediction was introduced by Staniforth and Daley [1]. Linear basis functions were used, and the 
accuracy of this scheme was investigated by B61and et al. [2]. On regular grids, the accuracy of 
advection can be expected to match that of the Kreiss and Oliger [3] scheme. This scheme has a 
fourth-order spatial accuracy, whereas the other schemes used for vertical discretization of 
numerical weather prediction models achieve only second-order accuracy on regular grids. For the 
horizontal approximation, the spectral method was used. 
Second-order finite elements for the vertical coordinate of numerical weather prediction models 
were introduced in Ref. [4]. The horizontal discretization was again done by the spectral method. 
According to a linear analysis given in Refs [5, 6], the accuracy of advection is much higher than 
with linear elements. The quadratic element scheme introduced in Ref. [4] allows specialization 
to linear elements. When doing this the resulting scheme is rather similar to that in Ref. [1]. The 
main difference concerns the approximation of the geopotential, which makes the scheme given in 
Ref. [4] formally energy conserving. 
The vertical finite element discretizations given in Refs [1,4] both use the a-coordinate 
introduced by Kasahara [7]. It is defined as a = P/Ps, with Ps being the surface pressure. This 
coordinate is well-suited for the description of the flow near the surface. However, it has 
disadvantages in the stratosphere, for reasons given in Ref. [8]. In the stratosphere the P-system 
of Kasahara [7] is better suited. For this reason Bleck [9] introduced a hybrid coordinate model, 
which uses the P-system for the upper atmosphere and the a-system at the bottom. 
The aim of the present paper is to introduce a vertical finite element approximation for a hybrid 
coordinate model with a view towards operational implementation at ECMWF. The hybrid 
coordinate introduced by Simmons and Burridge [8] will be used, as it allows a smooth transition 
from a P-system at the top of the atmosphere to a ~r-system at the bottom. For reasons of 
simplicity it was decided to implement a scheme with linear basis functions, even though the 
quadratic scheme of Ref. [4] was no more expensive than the linear version of the same scheme. 
The horizontal discretization was done by the spectral method, in a standard way [10], making use 
of the operational ECMWF-model. Parameterization f physical processes, including radiation, 
convection and diffusion was included, as described in Ref. [11]. 
A rather sophisticated method of computing the Galerkin integrals in an efficient way was 
introduced in Ref. [4]. Here we use the collocation method for this purpose, as will be described 
in Section 4. It is nearly as fast as the method used in Ref. [4], but offers a much clearer program 
structure. 
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The interpolation assumption in the top model interval needs to be carefully considered, 
according to Ref. [12]. In Ref. [4] a number of sophisticated top level interpolations were proposed. 
In the present paper a simplified treatment of the top level will be used, which will be described 
in Section 4. For the 19-level version of the model this simplification had a negligible ffect on the 
forecasts. 
Several test integrations were done to check the model performance against he operational 
model version [8], which differs only in its use of a finite difference scheme for the vertical 
approximation. 
2. THE HYBRID COORDINATE 
A hybrid coordinate ~/is introduced, according to Ref. [8]. It has a range from 1 to 0 betwvefi 
the bottom and top of the atmosphere. We use the following defining relation for t/: 
P0/)  = A (~/) + B(r/)/us. (1) 
In equation (1) P is the pressure and P~ is the surface pressure. For B = 0, equation (1) defines 
the P-system of Kasahara [7]; and for A = 0, it defines the ~-system. As for the finite difference 
equations derived in Ref. [8], no use of the grid values ~/, of ~/will be made. The node values Av 
and B, of A and B will be sufficient o define the coordinate. 
The following equations of motion are derived in Ref. [8]: 
RT (lnp)~ - 1 (~b + E)~ 
= ( f  + ¢)v -- r~u. -- ---if- a 
/ l _a~\  
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In equations (2), u, v, T are, respectively, the horizontal velocity components and temperature, 
is the ~-system vertical velocity, ~ the vorticity, f the Coriolis parameter, 2 and ~ are geographic 
coordinates, ~b is the geopotential, P the pressure, a and R are the earth's radius and gas constant 
and q is the specific humidity. 
In the following Sections 3 and 4 we will be concerned with the discretization of equations (2) 
with respect to 7. The horizontal discretization will be done by a standard spectral method [I0]. 
3. GALERKIN  OPERATIONS 
Let r/,, v = 1 . . . . .  N, 0 < t/v < t/~+l < 1, be any set of grid-points in the interval (0, 1). For the 
discretized fields ~, we assume the following basis function representation: 
N 
~b(r/) ffi ~ ~,e,(~/). (3) 
vml 
The ev we assume to be linear hat functions with support (t/~_ i, ~/~+ 1), for ~/~ (~/N, 1) we assume 
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ON(r] ) ---- 1 and for ;7 ~ (0, ~h) we assume l (~) = 1. Equation (3) then defines a piecewise linear 
interpolation between ~b~ with piecewise constant continuation for the end intervals. Alternative 
interpolations for the end intervals have been tried and had only a small effect for this 19-level 
version of the model. 
Let h(tl ) be any function, not necessarily represented by equation (3). The Galerkin operator 
G transforms it into a function, according to equation (3). 
Gh is defined by 
d~Gh(~)e.(tl)w(~)= d~ ~ (Gh),e,(tl)%(~)W(tl) 
~0 I = dr/h(~/)%01 )w(t/), /z = 1 . . . . .  N. (4) 
The weight function w(~/) > 0 can be chosen freely to derive different Galerkin operations. Methods 
with w # 1 are called Petrov-Galerkin methods. Their use to achieve energy-conserving dis- 
cretizations was introduced in Ref. [13]. In Section 4 they will allow the definition of mass-weighted 
Galerkin integrals. 
The matrix 
fo M,~ = d~/e,01 )e.01 )W(rl ) (5) 
occurring in equations (4) is called the mass matrix. Another form of equations (4) is then 
(Gh), M~ = ~dt/h (t/ )%0/ )w(~/ ). (6) 
v d 
4. THE VERTICAL DISCRETIZATION 
We consider here the semi-discretization with respect to the vertical coordinate r/. The horizontal 
discretization is done in a second step by the spectral method [10] with triangular truncation. 
For the fields u, v, T, q in equations (2) we assume a representation according to equation (3), 
with e, being linear finite element basis functions. 
For longer integrations of large-scale atmospheric models formal energy conservation is an 
important property which is observed with the finite difference scheme given in Ref. [8]. 
For situations where energy is a second-order moment, the standard Galerkin finite element 
scheme implies energy conservation [14, 15]. For the a-system discretization energy density is a 
second-order moment, when considering it for fixed horizontal coordinates as a function of a. 
Therefore, the Galerkin discretization [4] achieved formal energy conservation by using standard 
Galerkin operations (4) with w(~/)= 1. For more general situations, like divergent dynamic 
equations, energy conservation can be achieved by choosing w # 0 [13]. For the hybrid system, 
equations (2), energy is a third-order moment in the basis fields. To achieve an energy-conserving 
scheme, we will use the Galerkin operator G, defined in equations (4) and (6), with the weight 
function 
c~P 
w(ff ) = ~--~. (7) 
The Galerkin discretized equations are 
~ = G~ (( f  + ~)v -~u~--~-(ln p)~-! (dp + E)~ I
( R~ (1 -  #2) ( lnp)~- - (~-~) (~ +E)~)  = Gi - - ( f+  ¢)u - ~jv~ - --~ 
u V K~to\ 
]" = G2 a(1 - / z  2) T~ - a T~ - ~}T~ + - - -~)  
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( u o ) 
= G2 a(1 - -  ]~2)  qa -- a q~ -- qqn 
P, + V(vp,) + (OP,), = 0 
RL~p 
~b,= 
p ~3r/ 
o9 = - V v d~l + vVp. (8) 
In equations (8), T can be interpolated from T arbitrarily. In the present paper we will use 
t0T for ~/ e (r/N, 1)or~/~(0, r/l) 
T(q ) = otherwise (9) k- -  
The defining equations for ~, ~b and 09 contain o approximation perators G. They are evaluated 
exactly using the linear spline assumption for the other fields. To define the discretization, the 
functional forms of A(r/) and B(~/) in equation (1) must be defined. Here we assume that 
node-point values A, and B, are given, and for A (r/) and B (r/) the same linear spline assumptions 
(3) as for the other fields will be made: 
A(~l )=  ~.,Ave,(~l ) 
v 
B(~t ) = ~., B~e~(~l ). (10) 
v 
From equations (1) and (10) we obtain for the pressure P at model node-points: 
e, = A~+ aJ's.  (11) 
The discretization will be done using 19 vertical levels. Their position is indicated in Fig. 1, where 
the pressure P corresponding to the main node-points ~/~ is plotted. 
On the computational side, the problem of evaluating the Galerkin operations G consists of two 
parts. First the Galerkin integrals on the r.h.s, of equation (6) have to be evaluated, with h (7) being 
the r.h.s, of equations (2). In a second step, the linear equation (6) has to be solved for (Gh),. 
An efficient method of computing the Galerkin integrals i  the introduction of a collocation grid. 
We choose here the method of Gaussian integration [16]. As an alternative the Lobatto [16] 
integration could be used, which would require three collocation points per interval. Since one of 
these is shared by two neighbouring intervals, the efficiency is about he same as with the Gaussian 
integration employed here, which requires two collocation points per grid interval. For each model 
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interval (~/,, r/~+ 1),  V = 1 . . . . .  N - 1, we obtain two Gaussian points t/~, r/~, according to Ref. [16]. 
The r/~ will be referred to as model node-points, and the t/~, r/~ as collocation points. 
For the pressures P~ and p2 at the collocation levels, we obtain from equation (1) 
+ B v, J (12) 
with 
A~ = A~ev(tl~) + A~+ ~ev+ , (~l~) l 
B~ Bvev(~l~)+ Bv+te~+,Ol~) J "p~{1,2}. (13) 
Using the formula for r/~ given in Ref. [16], we see that it is not necessary to know the numerical 
values of t/f. pa and p2 will depend only on the Av and By. It appears that the whole scheme can 
be implemented without making any use of the numerical values of r/~. The same was true for the 
finite difference hybrid scheme given in Ref. [8]. 
For any field ~, (t/), we obtain the following formulae for the field values # ~ at the collocation 
points and the derivatives: 
~ = ~b,e,(t/~) + ~bv+ lev+l (lTv p) 
= . (14)  ~'~ ~+,_  ~v 
Using equations (2) and (14) it is possible to compute the field tendencies at the node-points: 
ti~ = ( f+ ~f) -- q,u,~'P ' - R~P~ (ln Pa)~ - ~ (~b~ +E ~ ; a  (15) 
and similarly for vt, Tt and q~. 
The diagnostic equations of equations (2), which give the tendency P,~ of the surface pressure, 
have to be computed exactly, based on the linear spline assumptions for the other fields. This part 
of the computation is done in the same way as in Ref. [4], where examples of difference quations 
are given. 
According to equations (6) and (8) it is necessary to compute the Galerkin integrals of the 
tendencies. This is done by Gauss integration [16]: 
u(rl )e~(rl )w(rl ) drl = u(rl )e,(tl )w(rl ) dtl + u(rl )e~(rl )w(tl ) dtl 
v v -1  
= ~ ~ u~e(tl~)w(tl~)w~. (16) 
p=l  /~=v- -  I
The Gaussian weights w~ in equations (16) are given in Ref. [16], and w is defined in equation (7). 
According to equations (6) and (8) it remains to compute the main node-point tendencies Ut,. 
Since, according to equation (5), M~ has only two side diagonals, this can be done efficiently by 
Gauss elimination. The organization of the finite element part of the program is shown in Fig. 2. 
The horizontal discretization is done in a second step by the spectral method [10]. 
5. TEST INTEGRATIONS 
Ten-day test integrations were performed on a set of initial dates which are given in Table 1. 
The horizontal spectral truncation was T 106. 
A set of physical parameterizations was included, as described in Ref. [11]. The parameterizations 
were done in main node-point space, not using finite elements. For comparison, integrations using 
the model [8] were performed, which will be referenced as control integrations. The only difference 
from the finite element integrations was that they use the finite difference scheme [8] for the vertical 
discretization. 
The synoptic impact of the finite element discretization appears only after day 5. This confirms 
the experience gained previously with finite element discretizations in the a-system [4]. 
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An example of the synoptic impact of the finite element discretization is given in Fig. 3. It shows 
the surface fields for the forecast from 5.1.87 at day 8. 
The models represent some of the observed features of the forecasts rather badly. These are 
mainly the low over southern Europe and the high over Asia, which the models predict much too 
extended and far too strong. With respect o these features both models are equally bad. Other 
features of the observation are represented by the forecasts to some degree. With respect o these 
features relevant differences between the finite element and finite difference models appear. 
The Atlantic low has a much better amplitude and form with the finite element model, though 
still having a rather incorrect phase. The low over America is also better epresented with the finite 
element scheme. The Pacific low is represented in both forecasts. The second kernel of this low 
at 150°E is not present in both forecasts. The finite element forecast splits the Pacific low into two 
kernels, though at the wrong position. 
To give an overall view of the improvement achieved by the finite element model, Fig. 4 gives 
the anomaly correlation of the height field, averaged for the eight summer cases. The corresponding 
diagram for the five winter cases is given in Fig. 5. The summer forecasts how an average 
improvement of ca. 3% after day 5. For the winter cases the improvement is only ca. 1%. These 
average improvements, though small, are of the same order of magnitude as other recent 
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Table 1. Initial dates used for test 
integrations 
Summer Winter 
15.5.86' 25.11.86 
25.5.86 5.12.86 
5.6.86 25.12.86 
15.6.86 5.1.87 
25.6.86 15.1.87 
5.7.86 
5.8.86 
15.8.86 
'Read as 15 May 1986. 
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improvements  o f  the  mode l  descr ibed  in  Ref .  [8], l i ke  the  compar i son  o f  spect ra l  and  gr id -po in t  
mode ls .  
6. CONCLUSIONS 
A finite element scheme for vertical discretization in hybrid coordinates was developed and an 
efficient way of implementation obtained by the collocation method. Test forecasts with a spectral 
truncation T 106 and 19 vertical levels show some sensitivity to the discretization in the medium 
forecasts range (5-8 days). An average increase in the forecast skill of 3% for the summer cases 
and 1% for the winter cases was observed. 
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